An acyclic coloring is a proper coloring with the additional property that the union of 10 any two color classes induces a forest. We show that every graph with maximum degree at 11 most 5 has an acyclic 7-coloring. We also show that every graph with maximum degree at 12 most r has an acyclic (1 + 
In particular, Grünbaum studied a(r) -the maximum value of the acyclic chromatic number over all graphs G with maximum degree at most r. He conjectured that for every r, a(r) = r + 1 and proved that his conjecture holds for r ≤ 3. In 1979, Burstein [6] proved the conjecture for r = 4. This result was proved independently by Kostochka [10] . It was also proved in [10] that for every k ≥ 3, the problem of deciding whether a graph is acyclically k-colorable is NP-complete. It turned out that for large r, Grünbaum's conjecture is incorrect in a strong sense. Albertson and Berman mentioned in [1] that Erdős proved that a(r) = Ω(r 4/3− ) and conjectured that a(r) = o(r 2 ). Alon, McDiarmid and Reed [5] sharpened Erdős' lower bound to a(r) ≥ c r 4/3 /(log r) 1/3 and proved that a(r) ≤ 50 r 4/3 .
(1.1)
degree r with at most 1 +
colors. This is better than the bounds in [7] and [11] 48 cited above for every r ≥ 6.
49
In the next section we introduce notation, prove two small lemmas and state the main 50 lemma. In Section 3 we prove Theorem 1.1 modulo the main lemma. In Section 4 we derive 51 linear-time algorithms for acyclic coloring of graphs with bounded maximum degree. In 52 the last section we give the proof of the main lemma. then z 4 has degree 5 and exactly one uncolored neighbor, say z 4,4 , and we can choose the 102 larger coloring f so that all the following are true:
f (z 4,4 ) = c 5 , and f (v) = c 6 . Finally, if z 4,1 also has a neighbor of color c 1 , then we let 126 f (z 4,1 ) = c 6 and f (z 4 ) = c 5 .
127
The next lemma is our main lemma. We will use it in the next section and prove in 128 Section 5.
129
Lemma 2.3. Let f be an admissible partial coloring of a 5-regular graph G. Then G has 130 a rainbow coloring f that colors at least as many vertices as f .
131
3 Proof the the Theorem
132
For convenience, we restate Theorem 1.1.
133
Theorem. Every graph with maximum degree 5 has an acyclic 7-coloring.
134
Proof. Let G be such a graph. If G is not 5-regular, form G from two disjoint copies
135
of G by adding for each v ∈ V (G) of degree less than 5 an edge between the copies of 136 v. Repeating this process at most five times gives a 5-regular graph G * containing G as a 137 subgraph. Since an acyclic 7-coloring of G * yields an acyclic 7-coloring of its subgraph 138 G, we may assume that G is 5-regular.
139
Let f be an admissible coloring of G from the set {1, 2, . . . , 7} with the most colored 140 vertices. By Lemma 2.3, we may assume that f is rainbow.
Let H be the subgraph of G induced by the vertices left uncolored by f . Let x be a vertex of minimum degree in H. We consider several cases according to the degree d H (x).
143
Case 1: d H (x) = 0. Since f is rainbow, any color in {1, 2, . . . , 7} − f (N G (x)) can be 144 used to color x contradicting the maximality of f .
145
Case 2: d H (x) = 1. Since f is rainbow, we may assume that x is adjacent to vertices 146 of colors 1, 2, 3, and 4. Let y be the uncolored neighbor of x. Since y is rainbow, coloring 147
x with 5 gives either a rainbow coloring or an admissible coloring with the defective vertex 148 y having the admissible neighbor x, a contradiction to the maximality of f .
149
Case 3: d H (x) = 2. We may assume that x is adjacent to vertices with colors 1, 2, 3,
150
and two uncolored vertices y 1 and y 2 . Since in our case y 1 is adjacent to at most 3 colored 151 vertices, some color c ∈ {4, 5, 6, 7} does not appear on the neighbors of y 1 . Coloring x 152 with c then yields either a rainbow coloring, or an admissible coloring with defective vertex 153 y 2 and its admissible neighbor x, a contradiction to the maximality of f .
154
Case 4: d H (x) = 3. We may assume that x is adjacent to vertices of colors 1 and 2.
155
By the choice of x, each uncolored vertex of G has at most 2 colored neighbors. Since
156
the three uncolored neighbors of x have at most 6 colored neighbors in total, some color 157 c ∈ {3, 4, 5, 6, 7} is present at most once among these 6 neighbors. Then coloring x with c 158 again yields an admissible coloring, a contradiction to the maximality of f . 
162
We conclude that H is empty and that f is an acyclic 5-coloring of G. Proof. The proof of the Theorem 1.1, along with Lemmas 2.1-2.3 gives an algorithm.
167
In order to control the efficiency of the algorithm we make the following modification: 
189
For a partial coloring f of a graph G and a vertex v ∈ V (G), we say that u ∈ V (G) is } that is distinct from the colors of all vertices f i−1 -visible from 198 v i . We claim that we always can find such α i in C.
199
Suppose that at Step i, v i has exactly k colored neighbors. Then it has at most r − k uncolored neighbors, and each of these uncolored neighbors has at most k colored neighbors. So, the total number of vertices f i−1 -visible from v i is at most
and we can find a suitable color α i for v i .
200
It now suffices to show that for each i, coloring f i is rainbow and acyclic. We will prove that under the conditions of the lemma, either its conclusion holds or there is 213 an admissible coloring f larger than f . Since G is finite, repeating the argument eventually 214 yields either an acyclic coloring of the whole G or a rainbow coloring. In both cases we do have more than one name, since they may be adjacent to more than one y i ). We consider
allowed, then for j = 5, 6, 7, G has a 1, j-colored y 1 , y 2 -path. This forces that both of y 1 226 and y 2 have neighbors with colors 5, 6, and 7, each of which is adjacent to another vertex 227 of color 1. In particular, both y 1 and y 2 are admissible. For i = 1, 2 and j = 1, 2, 3, we 228 suppose that f (y i,j ) = j + 4 and y i,j is adjacent to another vertex of color 1. we obtain a rainbow coloring of G, as above. 
245
By the symmetry between y 1 and y 2 , the remaining subcase is the following. rainbow, then we may uncolor y 1 and color x with 7 to get Case 1 or Case 2. Suppose now that y 1 and y 2 are not rainbow. By Lemma 2.1 applied to y 1 in G − xy 1 , we can recolor y 1 and at most one other vertex (a neighbor of y 1 ) to obtain another admissible coloring f .
347
If f (y 1 ) ∈ {3, 4, 5, 6, 7}, then f is a rainbow coloring, as claimed. So, we may assume either of 6 or 7 without creating a two-colored cycle, then we obtain a rainbow coloring.
355
Hence we assume that for i = 1, 2 and j = 1, 2, f (y i,j ) = j + 5 and y i,j has a neighbor of with 4, and y 1 with 3.
421
The last subcase is:
422
Case 4.3.4.3: y 1,1 has no neighbor of color 2 that has another neighbor of color 5.
423
Then recoloring y 1 with 2 creates another admissible coloring f . We may then repeat our 424 previous argument with y 3 playing the role of y 2 to conclude that y 3 has neighbors of color 
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